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Abstract Using the method of Tracy and Widom we rederive the correlation functions for
B =1 Hermitian and real asymmetric ensembles of N x N matrices with N odd.
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1 Introduction

The starting point for many results concerning the spectral theory of random matrices is the
derivation of a determinantal or Pfaffian form for the correlation functions of the eigenval-
ues. Perhaps the most well-studied ensembles are Hermitian ensembles having joint proba-
bility density function (JPDF) of the form

1 N
Q) = E{]‘[w(xn)}mwﬁ (L.1)
n=1

where Z is a normalizing constant, w : R — [0, 0o) is a weight function and A () is the N x
N Vandermonde determinant in the coordinates of A. The parameter B is called the inverse
temperature parameter due to its physical interpretation in the study of statistics of log-gases,
another area where joint densities of the form (1.1) arise. When w is Gaussian and g =1, 2
or 4, 2 is the JPDF of the ensemble of N x N real symmetric (8 = 1), complex Hermitian
(B = 2) and self-dual (8 = 4) matrices, the independent entries of which are chosen with
Gaussian density. The details of this derivation are given in [16] and the interpretation of Q
in the study of log-gases is given in [8]. We will denote the ensemble with joint density 2
by wpBE.
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18 C.D. Sinclair

The nth correlation function of wBE is defined by

— 1 N—n . —
Rn(x)_(N_n)!/RMQ(;\vg)du &:; n=12,...,N,

where A V& = (A1,..., A, &1, ..., En—,) and u is Lebesgue measure on R. That is, after
renormalization, R, gives the nth marginal probability density of €.

When g =2, Fubini’s Theorem together with elementary row and column operations on
the Vandermonde determinant in the integrand lead to the determinantal formula

R, (M) =det[Ky (A, )\k)]:,kzl ,
where Ky is the kernel of a certain operator on L (w d ).

Following pioneering work of Dyson [6], Mehta derived a Pfaffian! form for the corre-
lation functions of the Gaussian § = 1 and 4 Hermitian ensembles [15]. This was repeated
for general weights by Mehta and Mahoux [14], except for the case § =1 and N odd. This
last remaining case was given by Adler, Forrester and Nagao [1]. In each of these cases, the
Pfaffian formulation of R, is given by

Ry(0) =Pf[Kx Gy 20,

where here, Ky is a 2 x 2 matrix which is the kernel of an operator on L>(wdu) x
L?(wdu). (The matrix Ky depends on 8 and has a slightly different structure depending
on whether N is even or odd).

Much of the interest in the spectral theory of random matrices revolves around the eigen-
value statistics as N — oo. It is for this reason that the determinantal/Pfaffian formulations
for the correlation functions are so important: N appears as a parameter in the kernel and in
many cases, Ky be analyzed as N — oo. In contrast, the number of integrations necessary
to arrive at the correlation functions via their definition increases with N—a situation which
is not easily handled.

These determinantal/Pfaffian forms of the correlation functions have since been derived
by various different methods. Of particular note is the method of Tracy and Widom who,
for all cases except 8 = 1, N odd, derive the determinant/Pfaffian forms of the correlation
functions using the fact that, if Aisa 7 x N and B is an N x T matrix, then

det(I — AB) = det(I — BA), (1.2)

where on the left hand side of this equation I is the 7 x T identity matrix, and on the right
hand side it is the N x N identity matrix [23]. (Equation (1.2) is more generally true; a fact
which Tracy and Widom exploit to great advantage in a number of other situations.) When
B = 2 this identity leads immediately to the determinantal correlation functions whereas,
when 8 =1 or 8 =4, the path from (1.2) to the Pfaffian correlation functions is more
convoluted. The reason for this extra difficulty is that (1.2) is an identity about determinants,
whereas what is really needed is an identity about Pfaffians. Tracy and Widom get around
this difficulty by using the important observation that, if A is an antisymmetric square matrix
of even size, then det A = (PfA)2.

In fact Dyson, Mehta and many who followed, expressed the correlation functions in terms of quaternion
determinants, but in the more recent literature these are usually expressed in terms of Pfaffians.
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Correlation Functions for 8 = 1 Ensembles of Matrices of Odd Size 19

The extra circumlocutions necessary in the derivation of the correlation functions can be
eliminated by using, in place of (1.2), the fact that
Pf(C"T — ATBA) _ Pf(B~T — ACAT)
PfC-T B PfB-T

) (1.3)

where B and C are arbitrary antisymmetric 27" x 2T and 2N x 2N matrices with nonzero
Pfaffians, and A is an arbitrary 2N x 27T matrix. The derivation of the correlation functions
using (1.3) in the case where N is even was carried out by Borodin and Sinclair in [4,
Appendix A]. Equation (1.3) is Rains’ Pfaffian Cauchy-Binet formula [17]; a proof is given
in [4, Appendix B].

The main purpose of this note is to show how (1.3) can be used to derive the Pfaffian
form of the correlation functions in the case when g =1 and N is odd, thus completing
the work started by Tracy and Widom. We will also show how (1.3) can be used to derive
the correlation functions of real asymmetric ensembles in the case when N is odd. For N
even a derivation of the correlation functions of real asymmetric ensembles using (1.3) was
given by Borodin and Sinclair [3]. The work here will complement the existing methods
for deriving the correlation functions of real asymmetric ensemble given by Sommers and
Wieczorek [21] and Mays and Forrester [9].

1.1 Real Asymmetric Matrices

Ginibre’s real ensemble of N x N matrices is given by R¥*¥ together with a probability
measure specified by treating the entries of the matrices as independent standard normal
random variables [12]. This ensemble is complicated by the fact that there are two species
of eigenvalues: real and complex conjugate pairs. Among the implications of this is that
there is no one JPDF for the ensemble. Instead, we have several partial JPDFs indexed by
pairs of non-negative integers L and M satisfying L +2M = N; L represents the number of
real eigenvalues in a ‘sector’ and M the number of pairs of complex conjugate eigenvalues.
These partial JPDFs are given by

M

) L M . .
Q oy, B) = 7{ [[weo ] w(ﬂm)w(ﬁm)}lA(a VB Y Bl (1.4)
=1

m=1

where Z is a normalizing constant (that depends on N but not L and M), A(e vV B Y B) is
the N x N Vandermonde determinant in the variables

ap,...,op, Bi. B\ Bus Bus

and w : C — [0, 00) is a weight function given by

w(R) = e 2\ ferfe(v2[Im(A))).

When L = N and M =0, (1.4) was established by Ginibre in his founding treatise on real
asymmetric ensembles [12]. The general case was established three decades later indepen-
dently by Lehmann and Sommers [13] and Edelman [7].

‘We may generalize Ginibre’s real ensemble to other ensembles of real asymmetric matri-
ces by allowing w to be another function, and we call such an ensemble the real asymmetric
ensemble with weight function w; here we will only consider weight functions satisfying
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20 C.D. Sinclair

w(A) = w(A) for all A € C. Some examples of weights which have been considered thus
far can be found in [4] and [11]—the latter gives a family of ensembles which interpolate
between Ginibre’s real ensemble and the Gaussian Orthogonal Ensemble.

Given non-negative integers £ and m with £ + 2m < N, we define the £, m-correlation
function of the real asymmetric ensemble with weight function w by R, : R® x C" —
[0, 00), where

1
Rym(x,2) = Z (L — &)!(M — m)12M-m
L>¢{,M>m

x /R fc Quuve,zv At @ did B,

where ;| is Lebesgue measure on R and u, is Lebesgue measure on C.
One goal of the current manuscript is to show that, when N is odd, R, (X, z) can be
written as

KN(xj,Xj’) KN(Xj,Zk/)
RLm (X7 Z) =Pf
5=

Kz, xjr)  Kn(zk, 2x)

~

where Ky is a particular 2 x 2 matrix kernel acting on L?(i; + u2) x L?(u; + us), the
exact nature of which will be explained in the sequel. A similar statement is true when N is
even [3, 4, 10, 20], and there are other existing (and arguably more complicated) methods
for the N odd case [9, 21].

2 de Bruijn’s Identities
2.1 For Hermitian Ensembles

Given a measure v on R, we define
Ng = f IAM)IP dvY ().
RN

When dv = wdu for a function w : R — [0, 00), Z}’\,! P is the normalizing constant for the
corresponding ensemble with weight function w. We call Zy, , the partition function of the
corresponding ensemble.

A first step in the derivation of Pfaffian or determinantal form of the correlation functions
for such ensembles is to write Z} ; as a determinant or a Pfaffian. This can only be done
when B8 = 1,2 or 4. These identities, the first due to Andréief [2] and the second two to
de Bruijn [5], can be formulated in our setting as follows: Suppose po(L), p1(A), ... are
arbitrary monic polynomials such that deg p,, = n, then

N-1

ZIVV,Z = N!det |:/ pj(k)pk(k)dv(k):l ,
R

k=0
AN—1

Zy 4 =2"N1Pf [ fR [p; )P, 0) = pe(p(W)] dv(x)}

J:k=0
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Correlation Functions for § = 1 Ensembles of Matrices of Odd Size 21

and when N is even

N-1
Zya =Pf[/ / P (X)) pi(n) sgn(n — A)dV(n)dV(A)]
RJR Jk=0
We define the N x N matrix Uy, | by
N-1
N = [/ / P (M) pr(n) sgn(n — A) dv(n) dv(k)] ) 2.1
RJR k=0

Thus, when N is even, Zy | = PfUj ;. One reason de Bruijn did not provide an identity for
Zy, forodd N is that the Pfaffian is only defined for antisymmetric square matrices with an
even number of rows and columns. We may produce a de Bruijn identity in the odd N case
by suitably altering the matrix to appear on the right hand side of the expression for Z}, .
Specifically, for N odd, we have Z,”\,’l =Pf Wl"\,,l, where

Sz PoV) dv (L)
Wy, = Uy, (2.2)
Sz Pn—1 (V) dv (L)
— [gpodv(R) - — [ pvai (W) dv(D) 0

2.2 For Real Asymmetric Ensembles

The corresponding identity for real asymmetric ensembles is given in [18]. This can be
written down as follows: Given a measure v; on R and a measure v, on C \ R which is
invariant under complex conjugation, define v = v; 4 v, and set

1 _
Zy= > W/RL/CM|A(avﬂyﬂ)|dvf(a)dv§4(ﬂ).

(L, M)
L+2M=N

If dvi (o) = w(a) dyai () and dv>(B) = |w(B)|? dur(B) for some function w : C — [0, 00),
then Z}, is the normalizing constant for the real asymmetric ensemble with weight function
w. When N is even,

7}, =PfUy,

where U}, is the N x N antisymmetric matrix given by

Uy = [/Rfj(d)l?k(y)sgﬂ()/ —a)dvi(y)dv(a)
3 N-1
—25[CPj(ﬂ)Pk(ﬁ)Sgnlm(ﬂ)dvz(ﬂ)]

Jk=0
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22 C.D. Sinclair

and when N is odd, Z}, = Pf W}, where

Jz P dvi (3
W, = Uy
Sz Pn—1 () dvi (1)
— Jgpo)dvi(0) -+ = [p pvo1 (W) dvi(R) 0

3 Correlation Functions in terms of Partition Functions

From here forward we will limit our attention to f = 1 Hermitian ensembles and real asym-
metric ensembles. We will drop the subscripts on all relevant quantities for these ensembles
so that, for instance, Z" represents both Zj, | and Z},; which partition function is being rep-
resented will be clear from context. This will allow us to treat these cases simultaneously at
the most technical part of the proof.

We will ultimately be interested in the case when N is odd, but the results in this section
are equally valid for N even.

3.1 For Hermitian Ensembles

We first consider the case of wlE. Let T > N be an even integer, y;, y2,..., yr € R and
suppose ¢y, ¢y, . .., ¢y are indeterminants. We define the measure
T

dn() =Y cw(y)ds(h— y),

t=1

where § is the probability measure with unit mass at x = 0. We also define the measure v by
dv=wdu. Z""/Z" is the generating function for the correlation functions of w1E; this is
the content of the following lemma.

Lemma 3.1 Given an integer n > 0 we definen ={1,2,...,n}.
Zn+v T n
= 1+ Z Z {l_[ct(j)}Rn(yt(l), e Vi)
n=1 tn /T * j=I1

The proof of this lemma follows easily from the definitions of Z"*" and R, ; details can be
found in [3].

3.2 For Real Asymmetric Ensemble

For the real asymmetric ensembles with weight function w we suppose U and V are even
integers greater than N and set

U Vv

() =Y aw(w) s —x)+ Y by (w(z) dSE —2,) + wE) dsE — 7).

u=1 v=1

where x1,...,xp €R, z1,...,zv € C\Rand ay, ...,ay, by, ..., by are indeterminants. If
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Correlation Functions for § = 1 Ensembles of Matrices of Odd Size 23

v = v + v, is the measure with dv; = wdu, and dv, = |w|* d1,, then Z"/Z" generates
the correlation functions of the corresponding real asymmetric ensemble.

Lemma 3.2

Zntv ¢

X X Y|

m) uwt/ Uvom V * j=
4+2m<N trlom/ Y "

m
Au(e) l_[ by }Re,m (Xu(1ys - s Xu(@)s Zo(1)s - - - > Zom))s
1 k=1

where by convention we will take
0 0
> [aww =2 [Teein=1.
w0 /N j=I v:0 N k=1

We remark that Lemma 3.1 follows from Lemma 3.2 by setting by = --- = by = 0.
The proof of Lemma 3.2 is found in [3] and follows directly from the definitions of Z"*”
and R@’m.

4 Using de Bruijn’s Identities
From here forward we will assume that N is odd.
4.1 For Hermitian Ensembles

Given a measure k on R we define the operator €* : L2(k) — L>(x) by
1
10 =3 [ F@ st - ko).
R
Using this we define a skew-symmetric bilinear form on L2 (i) given by

(fFlg) = fR (fe*g — ge* f)dk.

Notice that U", as given in (2.1), can also be written as

U’ = [(P_i'pk>v]j'\jl<_:10’

where, as before pg, pi, ... is a sequence of monic polynomials with deg p,, = n.

Since Z"/Z" generates the correlation functions, we turn now to the investigation of
the entries of W"*"_ It will be convenient to set p, = wp,; n =0, 1, ..., and to write { f|g) =
(flg)* and € = €* (recall u is Lebesgue measure on R).

(PilPihnsr = /Rz PiA)pe(§)sgn —2)d(v + Q) d(v +n)(&)

T
= (FjlPedu +2 ) ci(Bj0epi(y) — Pr(y)ep; ()

t=1
T T

=) cien P30 Pr(ym) sgn(m — ). (4.1)

t=1 m=1

@ Springer



24 C.D. Sinclair

The other entries in W7+ are of the form

/R piMd(n+v)(2) = / p,(?»)du(k)JchfP/(yf :

t=1

4.2 For Real Asymmetric Ensembles

First we extend the definition of the sgn function to C by specifying that sgn(z) =0if z ¢ R.
Next, given a measure k = k| + k, on C we define the operator €* : L(k) — L*(k) by

Ll fE)sen(h—§)dii(h) A eR;

er(A)zl S
—isgng(A)sgnIm(}) reC\R.

As in the Hermitian case, we define a skew-symmetric bilinear form on L2 (k) by

(Flg) = [E (fe*g — ge* f)dk.

As before we replace € and ( f|g) by €* and ( f|g)*, where in the context of real asymmetric
ensembles, (= 1 + W>.
A superficial change of notation will bring the entries of W”*" into a form identical to

the Hermitian case. We set T = U + V, rename the indeterminants ay, ..., ay, by, ..., by
to ¢y, ¢z, ..., cr and rename xy, ..., Xy, 21, ..., 2y O Y1, y2, ..., yr. If we also define
- ds(h —y) y eR;
dsS(A—y)+ds(L—y) yeC\R.

It follows that we may write

T
dn() = cw(x)ds(h — y),

t=1

and, as in the Hermitian ensemble case,

T
(PP = (PP Z (Pi P () — P (y)ep; (1))
T T
- chtcmﬁj(yt)ﬁk(ym)Sgn(ym _yt)a (42)

t=1 m=1

and

[ piaw v = [ B du )+ 3 e 0.

t=1
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Correlation Functions for § = 1 Ensembles of Matrices of Odd Size 25

5 The Method of Tracy and Widom

Since we have written Z""/Z" in a uniform manner for both Hermitian ensembles and real
asymmetric ensembles we may, at least for the moment, analyze both cases simultaneously.
We define A to be the N 4+ 1 x 2T matrix given by

[ ~/2c1po(y1) V2ciepo(yr) N 2er po(yr) V2crepo(yr) ]
V21 P () V2iepi(v) o V2erpi(r) 2crepi(yr)

V2eipn—1(n) 2ci€py—i(n) o+ V2erpn—1(r)  V2crepy-1(yr)
0 xr(y)/c1/2 0 xr(yr)v/er/2

where xg is the characteristic function of R. That is,
Avoi1 =v2¢p,(y), n=0,1,....N—1, t=1,2,...,T;
A, =+2ce€p,(y), n=0,1,...,.N—1, t=12,...,T,
and
Ayxy-1=0, t=12,...,T;
Avo = xeOOVe /2, t=1,2,...,T

and set J to be the 27 x 2T matrix,

It follows that,

AJAT
S exr 0 BPo O

[2 ZzT:l cr (En(yt)fﬁm () — €Pn (V) Pm (}’t))]n m=0

S exrOPN-101)
=3I axrGOBo) o =X exrONDBN-100) 0
Next, we define the 27 x 2T matrix

Jeicu T
E— 21 sgn(yu - yt) 0
0 o
tu=l1;
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26 C.D. Sinclair

so that,

CiCy
2

and all other entries of E are equal to 0. An easy computation reveals

Ey 12u-1= sgn(y, —y); tou=1,2,...,T,

T T
(AEA), =Y > uCi Pu () Pa(y) sgn(yy — y);  mym=0,1,...,N —1,

u=1 t=1

and all entries in the last row and column of (AEAT) are 0. That is,

0
~ ~ N-1
AEAT — | [22am s cuce B ) Pa ) sgn(vu = 301,11y
0
0 0 0

It follows that
W = W' + AJAT — AEA".
And, if we define the N + 1 x N + 1 matrices C~T = W" and B = —J + E, then

zvt  PfW'1  PF(CT — ABA')

= = . 5.1
zv PfWY PfCT SR
We are now in position to use the identity
Pf(C"T—ABA") Pf(BT—ATCA
( ) _ Pi( ) 52)

PfCT PfB—T ’

and an easy calculation shows that
BT=-J-F,

where E’ is the 2T x 2T matrix,

T

[0 0 }
E = )
0 Q sgn(yu =y 1,

It is also easily verified that PF BT = (—1)7. Thus,

v+n
ZZU = (=) Pf(—J —E' — ATCA) = Pf(J + E' + ATCA).

We now compute the entries of ATCA:

N—-1N-1

(ATCA)2M—1.2t—1 = 2\/ CyCt Z Z 5il(th)Cn,mﬁn1 (yt); u,t= 1, 25 ey T;

n=0 m=0
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Correlation Functions for § = 1 Ensembles of Matrices of Odd Size 27

N—-1N-1

(ATCA)Zu—l,Zt = 2V CuCt Z Z [A;n (yu)Cn.mfﬁm ()’r)

n=0 m=0
N—-1

+Veulm() Y Pa)Can;  ut=12,...,T;

n=0

N—-1N-1

(ATCA)2 2021 =220 D D €Pu () Con P (1)

n=0 m=0
N-1

+ el ) Y CumPn(); st =1,2,...,T;

m=0
N—1 N—-1

(ATCA)Zu.Zr = 4/ CuCtXR(yt) Z Cn,NEﬁn(yu) + A/ CuCtXR(yu) Z CN,mfﬁm(yl);

n=0 m=0
N—1N-1

+200 Y > epn)ComePu(): ut=12,...T.

n=0 m=0
If we define

N—-1N-1

DSy ¥) =2 PaComPu(Y);

n=0 m=0
N—1N-1 N-1

SN Y)Y =23 BaCom€ (V) + 1w () Y Pu()Con:

n=0 m=0 n=0
N—1N-1

SVI(Y) =2 > €Pu(y)CrmePn(y)

n=0 m=0
N—-1

+ ) Con (120 () = xe(ePa (),
n=0

then

ATCA = [ /_cuc,|: (5.3)

DSy ¥ Sn (s ¥1) HT
—Sn Qe yu) SN (Y, yi) u,,,l’

and, if we define the 2 x 2 matrix kernel Ky : C x C — C>*2 by

[ DSv(GL YD Sy (¥, y)
Kn(y,y) = ,

—Sn(y.¥)  SwI(y.y)+ 3sgn(y’ —y)

and the 2T x 2T matrix K by

K= [WKN(yuv yt)]]f.t=1
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28 C.D. Sinclair

then from (5.1), (5.2), (5.3) we see that

Zv+7]

~ =PIJ+K). (5.4)

6 Recovering the Correlation Functions

The final step in the derivation of the correlation functions is to expand Pf(J + K) using the
identity

T
PEJ+K) =1+) Y PIK,, 6.1

n=1 tin /T

where K is the 2n x 2n minor of K given by

K= [«/ct(j)ct(k)KN Oy )H(k))]j,k:l .

A proof of this identity can be found in [22] or [19].
6.1 For Hermitian Ensembles

Applying (6.1) to (5.4) and using the fact that

PIK = { l_[ Ci(m) } Pf [KN > YL(k))]’;,k=1 ,

m=1

we find that

Zu+n T n n
= 1+ Z Z { l_[ Ct(m) } PE[ Ky (y(j) yt(k))]j’k:l .

n=1 tin /T * m=1

This together with Lemma 3.1 implies that
R,(y) =Pf[Ky(y;. Yk)];kzl .
6.2 For Real Asymmetric Ensembles
Givenu:{ "Uandv:m 7V, wedefineuvv:£4+m U4V by

u(y) Jj=t
C+0() j>¢.

wvo)(j) =

If¢+m=n,theneach t:n /T canbe writtenasuVv v forsomeu:£ ~Uandv:m /' V.
(This does not preclude the possibility that t = u or t = v). Using (6.1) we find

PIA+K)= > Y > PiKuw,

em) wl,/Uvm/ V
{<U,m<V tUomsV
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Correlation Functions for § = 1 Ensembles of Matrices of Odd Size 29

where we take the Pfaffian of an empty matrix (i.e. when £ and m equal 0) to be 1. It is
straightforward, if technical, to show that

l m
PfK,vo = { l_[au(j) an(k)} Pf|:
i=1 k=1

Ky iy, xun)  KnGugy, Zn(k’)):|
i
k,k!

Ky Zows Xuwy)  Kn(Zowys Zok))

Thus, from (5.4),

Zvtn ¢ n Ky (i), Xuiiy)  KnGugys Zowry)
= 2 2 % (Mo Tow)m| .
k=1

Jm it /U om Y =) Ky Zowys Xuay)  Kn(Zow)» Zok))
<l+m=
6.2)

This result and Lemma 3.2 imply that

KN(xj,Xj/) KN(xszk’)
R(,m (X7 Z) =Pf
Jrd'=1..t

Ky (zk, Xj’) Kn(zk, zir) k’k",il .....

7 Simplifying the Matrix Kernel

On first inspection, the kernel K is dependent on (pg, p2, ..., py—1)- In fact, Ky can be
shown to be independent of this family of monic polynomials—though a wise choice may
simplify the presentation of K. In this section we suppose the existence of a complete
monic family of polynomials q = (go, g1, - - -, gv—1) such that

<52n|52m—1>v = _<62m71|a42n>u :8n,mrnv n=0,1,...,J,

where J = (N — 1)/2 — 1. Here r = (ry, 12, ..., ry) are referred to the normalizations of q.
‘We also define

sn=/5,,(a)dv(oc), n=0,1,...,N —1.
R

Clearly q, r and s are dependent on v.
Using these definitions, W” becomes

r o ro 0 S0

—r9 O 0 $1

0 r 0 52

—r 0 0 53

W=

0 ry 0 SN—3

—ry 0 0 SN—2

0 0 0 o - 0 0 0 SN—1
L—S —$1 —8§ —§3 -+ —SN-3 SN2 TISN-I 0
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An easy computation reveals,

J
ZU :wau =SN—-1 1_[7']'.

j=0

In order to present the entries of K in their most simplified form, we need to invert W".

Recall that C = (W")~T. Explicitly, C is given by

—s
rOSN—1
50
TOSN—1

—53
FISN—1
52
FISN—1

—SN-2
r‘]XNfl
SN-3
rJSN—1

SN—1

r 0 L
ro
1
0 1
r
1
0 1
ry
- 0
ry
51 —50 53 =) SN-2 —SN-3
TOSN—1 TOSN—1 FISN—1 TISN—1 rJSN—1 rJSN—1
0 0 0 0 e 0 0
At the entry level,
Jsm
Cyjomt1 =—Cojs1om = o Cyj2m =Cojs1,2m41 =0,
J

jom=0,1,...,J;

$2j+1

Cojn-1==Cnoipj=— : Cojsiv—1=—Cpy_12j41 =
TiSN—1
j=0,1,...,J;
and
5m+1.N
CN,m:_Cm,N:_—, mzo,l...,N.
SN—1

It follows that

J ~ . / — . . . . /
DSy(y.y') =2 Z G2;(Y)q2j+1 (") - G2j+1()q2; (')
Jj=0 /

~ J ~ / ~ /
n 2gn-1(y) Z 5241925 (V') — $2;G2j4+1(y")

SN— rj
N-1 =0 Jj

_|_
SN— rj
N-1 J
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~ J ~ ~
2gn-1(y") Z 5242j+1(Y) — 82j4+142; ()

oS o o o

82

s
rjsN—l
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J ~ ~ ’ ~ ~ ’
N Q2 (V)€G2j 1Y) — q2j11(¥)eqa; (V)
-

SN(Y» y
Jj=0

+

~ J ~ ~ ,
2gn-1(y) $2j41€G2j (Y') — $2j€G2j11(Y")
>

SN— r;
N—-1 =0 J

~ J o~ ~ ~
n 2egn—1(3") Z $2jq2j+1(Y) — 524142 (¥) N QN—l(y)XR(y/)’

SN— r; SN—
N-1 ) b N-1

and
I~ ~ ~ ~
/ €q2;()eqajr1(Y) — €q2j+1(y)€q2; ()
SNI(y,y)=22 J Jj+ . Jj+ J
j=0 Ti
~ J ~ ~
" 2eqn-1(y) Z $2j+1€G2; (Y') — $25€q2j11 (")
SN-1 im0 rj
~ J ~ ~
n 2eqn-1()") Z $2j€q2j+1(Y) — $2j41€42;(Y)
SN—1 =0 I’j
n g1 xr(Y) —€gn1(Y) xr ()
SN—1 '
If we set

On_1(x) =Gy_1(x) and ék(x)zak(x)—si—"lémmxx k=0,1,....N -2,

then
.0 0 N_ 0O D (v
DSy (y,y) = 22 02;(¥)Q2j110") = 02j41(3) Q2 (¥ )7 o
j=0 J
Sy(y,y) = ZXJ: ézj(Y)éézjﬂ(yf); 02j11(0)€02; () . PQVN_IS(;))TR()),)’ .
=0 j _
Svl(y,y) = 22]: 6@21‘ (»)e ézjﬂ(y’) r— e§2j+1(y)e sz "
j=0 J
L €00 = Qv 0Dr (). (1.3)

SN—1

Comparisons of these formulas should be made with existing results for § = 1 ensembles
for classical weights [1, Eq. 2.11] and for real asymmetric ensembles [9, Thms. 2.5, 4.2]
[21, §5.5].
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32 C.D. Sinclair

8 Reconciling with the Even NV Case

We now reconcile the representation of the odd N correlation functions of 8 = 1 Hermitian
ensembles and real asymmetric ensembles with those of their even N counterparts. This is
done by setting

- gn—1(x) if N is odd;
On-1(x) =

if N is even,

and

Or(x) = Gi(x) — s—kQNq(x), k=0,1,...,N —2.
SN-1

Theorem 8.1 Suppose N is a non-negative integer.

1. If n is a non-negative integer, then the nth correlation function of w1E is given by

Ry(y) =PE[Kn(vjs y0)] iy s

2. If € and m are non-negative integers such that £ + 2m < N, then the £, m-correlation
function of the real asymmetric ensemble with weight function w is given by

Kn(xj,xj) Ky(xj,zi)
R[Jn (Xs Z) = Pf ’
K@i, xj)  Kn(zx, i) /=t

where in both cases, K y is given by

DSn(y,y") Sn(y,y)

Kn(y,y)= ) o )
=Sy, ¥) SnI(y,y)+ 3sgn(y’ —y)

and DSy, Sy and Sy 1 are given as in (7.1), (7.2) and (7.3).

When N is even, a proof of 1 is given in [16], [4, Appendix A] or the paper which inspired
the present work [23]. The even N proof of 2 using the main idea presented here is given
in [4]; a different strategy is presented in [21].
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